We show that the bound from the electroweak data on the size of extra dimensions accessible to all the standard model fields is rather loose. These "universal" extra dimensions could have a compactification scale as low as 300 GeV for one extra dimension. This is because the Kaluza-Klein number is conserved and thus the contributions to the electroweak observables arise only from loops. The main constraint comes from weak-isospin violation effects. We also compute the contributions to the S parameter and the Zbb vertex. The direct bound on the compactification scale is set by CDF and D0 in the few hundred GeV range, and the Run II of the Tevatron will either discover extra dimensions or else it could significantly raise the bound on the compactification scale. In the case of two universal extra dimensions, the current lower bound on the compactification scale depends logarithmically on the ultra-violet cutoff of the higher dimensional theory, but can be estimated to lie between 400 and 800 GeV. With three or more extra dimensions, the cutoff dependence may be too strong to allow an estimate. *
Introduction
Extra dimensions accessible to standard model fields are of interest for various reasons.
They could allow gauge coupling unification [1] , and provide new mechanisms for supersymmetry breaking [2] and the generation of fermion mass hierarchies [3] . More recently it has been shown that extra dimensions accessible to the observed fields may lead to the existence of a Higgs doublet [4] .
A number of studies indicate that if standard model fields propagate in extra dimensions, then they must be compactified at a scale 1/R above a few TeV [5] . These studies refer, however, to theories in which some of the quarks and leptons are confined to flat four-dimensional slices (branes). In the equivalent four-dimensional theory where the extra dimensions are accounted for by towers of heavy Kaluza-Klein (KK) states, the bound on 1/R is due to the tree level contributions of the KK modes to the electroweak observables.
In this paper we point out that extra dimensions accessible to all the standard model fields, referred to here as universal dimensions, may be significantly larger. The key element is the conservation of momentum in the universal dimensions. In the equivalent four-dimensional theory this implies KK number conservation. In particular there are no vertices involving only one non-zero KK mode, and consequently there are no tree-level contributions to the electroweak observables. Furthermore, non-zero KK modes may be produced at colliders only in groups of two or more. Thus, none of the known bounds on extra dimensions from single KK production at colliders or from electroweak constraints applies for universal extra dimensions.
The heavy KK modes contribute, though, at loop-level to the electroweak observables, so that some lower bound on 1/R can be set. In addition, there is a direct bound on 1/R from the non-observation of KK pair production at the Tevatron and LEP. After presenting some general features of universal extra dimensions in section 2, we compute the bound on their size from the electroweak data (section 3.) We then discuss the current direct bound on 1/R from collider experiments (section 4.) Our conclusions are summarized in section 5.
The Kaluza-Klein spectrum and interactions
Our starting point is the minimal standard model in d = 4 + δ space-time dimensions.
The gauge, Yukawa and quartic-Higgs couplings have negative mass dimension, so this is an effective theory, valid below some scale M s . We assume a compactification scale 1/R < M s for the δ extra spatial dimensions. The upper bound on 1/R for the class of models being discussed is determined by the range of validity of the effective 4-dimensional Higgs theory. To avoid fine-tuning the parameters in the Higgs sector, 1/R should not be much higher than the electroweak scale. We study the experimental lower bound on 1/R. Given that the gauge couplings and the top Yukawa coupling are of order one at the electroweak scale, the d-dimensional theory remains perturbative for a range of energies above 1/R. The cutoff M s on the d-dimensional theory is expected to be no higher than the upper end of this range.
We use the generic notation x α , α = 0, 1, ..., 3 + δ for the coordinates of the (4 + δ)-dimensional space-time, but we explicitly distinguish between the usual non-compact space-time coordinates, x µ , µ = 0, 1, 2, 3, and the coordinates of the extra dimensions, y a , a = 1, ..., δ. The 4-dimensional Lagrangian can be obtained by dimensional reduction from the (4 + δ)-dimensional theory,
Here F The fields Q, U and D describe the (4 + δ)-dimensional fermions whose zero-modes are given by the 4-dimensional standard model quarks. A summation over a generational index is implicit in Eq. (2.1). For example, the 4-dimensional, third generation quarks may be written as for δ = 2k + 1. An equivalent description of the compactification is a δ-dimensional space with coordinates 0 ≤ y a ≤ πR for odd a and −πR ≤ y a ≤ πR for even a, and boundary conditions such that each field or its derivatives with respect to the y a 's vanish at the orbifold fixed points y a = 0, ±πR. (Φ = 0, ∂ 2 Φ/∂y a ∂y b = 0 for odd fields, and ∂Φ/∂y a = 0 for even fields at the orbifold fixed points.)
The Lagrangian (2.1) together with the boundary conditions completely specifies the theory. For δ = 2, the SU(3) C × SU(2) W × U(1) Y gauge fields are decomposed in KK modes as follows:
where the summation is over all integer values of the KK numbers j 1 and j 2 that satisfy j 1 + j 2 ≥ 1, or j 1 = −j 2 ≥ 1. The gauge fields polarized in the x ν , ν = 0, 1, 2, 3 directions are even under the orbifold transformation, so that the zero-modes correspond to the 4-dimensional standard model gauge fields. On the other hand, the gauge fields polarized along the coordinates y b , b = 1, 2 of the extra dimensions are odd under the orbifold transformation, so that their zero-modes are projected out and no massless scalar fields appear after dimensional reduction.
With boundary conditions in the δ = 2 compact dimensions chosen to give the appropriate chiral structure for the KK zero-modes, the KK decomposition for the top quark fields is given by The heavy spectrum in four dimensions consists of KK levels characterized by the mass eigenvalues
where j ≥ 1, p j+1 > p j , and p j is given by An essential observation is that the momentum conservation in the extra dimensions, implicitly associated with the Lagrangian (2.1), is preserved (as a discrete symmetry) by the above orbifold projection. In the case of fermions, this implies that there is no mixing among the modes of different KK levels. The zero-mode top-quark gets a mass from its
Yukawa coupling exactly as in the 4-dimensional standard model. Given that each KK level includes a tower of both left-and right-handed modes for each of the t L and t R fields, there is a 2 × 2 mass matrix for each top-quark KK level. The D j top-quark mass matrices of the jth KK level may be written in the weak eigenstate basis as
Here, Q j t is a four-component field describing the jth KK modes associated with t L . The diagonal terms are the masses induced by the kinetic terms in the y a directions, while the off-diagonal terms are the contributions from the Higgs VEV. The corresponding mass eigenstates, U 
The weak eigenstate top KK modes are related to the mass eigenstates by
where α j is the mixing angle,
The b-quark KK modes have an analogous structure due to the mixing between D .3), and by integrating over the extra dimensions. For the one-loop computations to be considered here, it is sufficient to know the vertices involving one or two zero-modes and two non-zero modes.
In the remainder of this section we list the relevant terms of this type that appear in the 4-dimensional Lagrangian.
The top and bottom mass-eigenstate KK modes (i.e., the vector-like quarks Q 
where g
The weak eigenstate neutral gauge bosons, W Likewise, there are interactions of one quark zero-mode and one quark j-mode with the j-mode of the scalars corresponding to the electroweak gauge bosons polarized along
. For δ = 1, they may be written as follows:
where c 
Electroweak data versus extra dimensions
We study the sensitivity of the electroweak observables to the higher dimensional physics setting in at scale 1/R. The largest contributions come from the KK modes associated with the top-quark, but there are also corrections due to the gauge and Higgs KK modes.
QCD corrections are small and are neglected. The standard model in universal extra dimensions is described by four unknown parameters: the Higgs boson mass M h , the compactification radius R, the cutoff scale M s , and the number of extra dimensions δ. The upper bound on the cutoff M s is determined in terms of 1/R and the value of the various couplings at this scale. The Higgs boson mass is bounded from above by the requirement that the Higgs quartic coupling, λ h , does not blow up (from a perturbative point of view) at a scale significantly below M s . We use this constraint (M h ∼ < 250 GeV [4] ), and study the lower bound on 1/R, concentrating on the observables that are most likely to yield severe constraints.
An important question is whether the electroweak observables can be computed within the framework of the effective, higher dimensional theory, that is, whether they are sensitive to the unknown physics at scale M s and above. We will show that in the case of one extra dimension we can reliably ignore the effects of KK modes heavier than the cut-off (see section 3.1). With two extra dimensions the KK modes give corrections to the electroweak observables that depend logarithmically on the cut-off, and in more extra dimensions the dependence is more sensitive (see section 3.2).
Given that the large t − b mass splitting requires a hierarchy between the top and bottom Yukawa couplings which in turn induces weak isospin violation in the KK spectrum, the parameter
which measures the splitting in the W and Z masses due to physics beyond the standard model, is a prime suspect for constraining 1/R.
The one-loop contribution to ∆ρ from one KK level associated with the t and b quarks follows from Eq. (2.10) and is given by
where v = 246 GeV and
The form of this contribution to ∆ρ is easy to understand. The factor m 
Finally, the KK electroweak gauge bosons also contribute, giving
In each of these expressions, the factor α/ cos 2 θ W is present because the hypercharge gauge interaction provides the weak-isospin symmetry breaking. The second factor is present because the higher KK modes decouple in the large mass limit.
The contribution to T from all the KK modes is
The upper limit n max corresponds to the mass scale M s at which the effective d-dimensional theory breaks down. Note that the total number of contributing KK modes of a particular field is
Using the experimental values for M W , M Z , m t , and α, the T parameter may be written in the form
where m t ≈ 175 GeV. The error here is about 10% due to uncertainties in m t , higher terms in M h , and the range of values of δ being considered. The current upper bound on T is approximately 0.4 at 95% CL for M h ∼ < 250 GeV (and is somewhat relaxed for larger M h [9] .) The experimental bound on 1/R is a function of the KK spectrum, which depends on the number of extra dimensions. We return to this estimate in section 3.1.
In addition to the T parameter, the corrections from new physics to the electroweak gauge boson propagators are encoded in the S parameter defined by:
where Π 3Y (q 2 ) is the vacuum polarization induced by non-standard physics (note that the gauge couplings are factored out according to the definition for hypercharge where Y ≡ 2(Q − T 3 )). The S parameter gets a one-loop contribution from each top-quark KK level:
Assuming that M 
The Higgs KK mode contribution to S is given, to leading order in 12) while the gauge boson KK modes do not contribute. Using the experimental values for M Z , m t , and cos θ W , the total contribution to S may be written in the form
where m t ≈ 175 GeV. This result is smaller by almost two orders of magnitude than the one for T , assuming that the series in m Given that the bounds on S and T are comparable (S ∼ < 0.2 at 95% CL), we see that once the bound on 1/R from T is satisfied there is no relevant constraint from S. This is not surprising because the quark KK modes are vector-like fermions and therefore contribute to S only if their masses violate the custodial symmetry, which leads to a large T .
Another potential constraint on 1/R arises due to the one-loop corrections of the KK modes to the Z → bb branching ratio. The vertex correction is usually encoded in the quantity
where R b is the ratio of the Z decay widths into bb and hadrons, while g 
There are also corrections from Higgs and gauge boson KK modes, but they are sig- = 0.922 ± 0.023 [10] , one can easily check that this constraint is much looser than the one from R b .
We expect that all other electroweak observables impose no stronger constraints on 1/R than the one from the T parameter.
Bounds on one universal extra dimension
We consider first the case of a single extra dimension. Then D j = 1 and M j = j/R, with R the compactification radius, so that the summations over KK modes in Eq. (3.8) are convergent. Extending the sums to n max ≫ 1 gives
The current upper bound on isospin breaking effects, T ∼ < 0.4, yields a lower bound on the compactification scale:
The S parameter and other electroweak observables also involve convergent KK mode sums in the 5-dimensional case. As discussed above, they are less constraining than the T parameter.
The convergence of each of these mode sums indicates that the electroweak observables can indeed be computed reliably within the effective 5-dimensional theory, relevant below the cutoff M s . The convergence of the computations can be understood by recalling that each is effectively a 5-dimensional integral -a 4-dimensional integral plus a KK mode sum. The convergence of the corresponding 4-dimensional integrals for the electroweak observables is well known, and this is not changed with only a single additional dimension.
The reliability of these computations and the consequent lower bound 1/R ∼ > 300 GeV can be checked by examining higher order corrections in the effective 5-dimensional theory.
In the limit M s ≫ 1/R, the 5-dimensional couplings become strong at the cutoff, and there To estimate the largest value of M s below which the theory is perturbative, we note that the loop expansion parameters can be written in the form 
Two or more universal extra dimensions
For d ≥ 6, the T and S parameters, and other electroweak observables become cutoff dependent. The KK mode sums diverge in the limit N KK → ∞ because the KK spectrum is denser than the 5-dimensional case. This can again be seen by noting that the 4-dimensional integrals plus the KK mode sums are effectively d-dimensional integrals. The electroweak observables (S, T, ...), convergent in four and five dimensions at one loop, become logarithmically divergent at d = 6 and more divergent in higher dimensions. The degeneracies D j and masses M j of the KK modes are listed for a toroidal compactification in Ref. [7] , and are smaller by a factor of two in the case of the orbifold considered here.
Consider the case d = 6. The electroweak observables are logarithmically divergent at the one loop level, indicating that within the framework of the effective d-dimensional electroweak theory, they are unknown parameters to be fit to experiment. This is reinforced by the higher loop estimates which are all of this order if the cutoff is taken to be as large as possible -where the effective d-dimensional theory becomes strongly coupled.
In this case, the electroweak observables are directly sensitive to the new physics at scales M s and above. It is possible, on the other hand, that the cutoff is smaller or that the higher order estimates are such that the one loop, logarithmic terms dominate. Then the computations (3.8), (3.13), etc., enhanced relative to the 5-dimensional case by a large logarithm, can be used to put a rough lower bound on 1/R.
In Fig. 1 we show the dependence of this lower bound on the ratio between the cut-off M s and the compactification scale. Assuming that the theory above M s is custodially symmetric, the one-loop contribution to the T parameter is reliable as long as the theory remains perturbative, roughly for M s R ∼ < 5. The KK contributions to the one-loop coefficients of the U(1) Y , SU(2) W and SU(3) C β functions are now (81/10, 11/6, −2), but again the d-dimensional SU(3) C interaction becomes non-perturbative in the ultraviolet before the other gauge interactions. The theoretical uncertainty due to higher loops may be estimated in terms of the ǫ 3 loop expansion parameter. Fig. 1 shows that the lower bound on 1/R is increased by roughly a factor of two compared to the 5-dimensional case, to approximately 400 − 800 GeV. 
Prospects for discovering Kaluza-Klein modes
We have shown that in the case of one universal extra dimension, accessible to all the standard model fields, the fit to the electroweak data allows KK excitations as light as 300 GeV. Such a low bound raises the tantalizing possibility of discovering KK states in the upcoming collider experiments.
If the KK number conservation is exact (that is, there is no additional interaction violating the momentum conservation in extra dimensions,) some of the KK excitations of the standard model particles will be stable. The heavy-generation fermion KK modes can decay to light generation fermion KK modes, e.g.,
) + γ, and the W, Z gauge boson KK modes can decay to lepton KK modes and neutrinos,
The KK modes of the photon, gluon, and the lightest generation fermions are stable and degenerate in mass, level-by-level, to a very good approximation. Heavy stable charged particles will cause cosmological problems if a significant number of them survive at the time of nucleosynthesis [11] . For example, they will combine with other nuclei to form heavy hydrogen atoms. Searches for such heavy isotopes put strong limits on their abundance. Various cosmological arguments exclude these particles with masses in the range of 100 GeV to 10 TeV, unless there is a low scale inflation that dilutes their abundance [12, 13] . The cosmological problems can be avoided if there exist some KKnumber-violating interactions so that the non-zero KK states can decay. The lifetime depends on the strengths of these KK number violating interactions, which are usually suppressed by the cutoff scale and/or the volume factor of the extra dimensions. For collider searches, there is no difference between a stable particle and a long-lived particle which decays outside the detector. We first assume that the KK states are stable or longlived. The case in which the KK states decay promptly will then be considered when we discuss the possible KK number violating interactions.
Stable or Long-Lived KK Modes
Because of the KK number conservation, the KK states have to be produced in pairs or higher numbers. They can only be produced at LEP if their masses are less than E CM /2, ∼ 100 GeV. The current lower bound on the size of the extra dimensions is set by the CDF and D0 experiments based on the Run I of the Tevatron. The largest production cross-section is that for KK quarks and gluons. After being produced, they will hadronize into integer-charged states. Because of the large mass, they will be slowly moving and the signatures are highly ionizing tracks.
For one extra dimension of radius R, the number of the quark KK modes at each level is twice that of zero-modes, so neglecting the light quark masses, there are six KK quarks of electric charge −1/3 and mass 1/R, four KK quarks of electric charge 2/3 and mass 1/R, and two KK top-quarks of mass 1/R 2 + m 2 t . Therefore, the production cross section for a pair of charged tracks is roughly ten times higher than the one for apair of quarks of mass 1/R, σ(1/R). For 1/R = 300 GeV, σ(1/R) ≈ 0.1 pb [14] .
The current lower mass limits on heavy stable quarks are 195 GeV for charge 1/3 and 220 GeV for charge 2/3 [15] . The reach in mass would be approximately the same for two charge-1/3 quarks as for one charge-2/3 quark. Hence, the current bound on 1/R may be approximated as the mass limit on a charge-2/3 quark, but with a production cross section about seven times larger 1 . A dedicated study, beyond the scope of this paper, is required to find this bound precisely. However, by naively extrapolating the mass reach given in [15] , we estimate the lower direct bound on 1/R to be in the 300 − 350 GeV range.
It is remarkable that the direct lower bound on 1/R competes with or even exceeds the indirect bound set by the electroweak precision measurements. This should be contrasted with the case of non-universal extra dimensions, where the non-conservation of the KK number makes the indirect bound on 1/R stronger than the direct one by a factor of five or so. Thus, Run II at the Tevatron will either discover an universal extra dimension or else it will significantly increase the lower bound on compactification scale.
Short-Lived KK Modes
As mentioned above, the KK states can decay into ordinary standard model particles if KK number violating effects are present. Such violations of the KK number can occur naturally. For example, the space in which the standard model fields propagate may be a thick brane embedded in a larger space in which gravitons propagate. In this case, the standard model KK excitations can decay into standard model particles plus gravitons going out of the thick brane (or other neutral fields that can propagate outside the thick brane). The unbalanced momentum in extra dimensions can be absorbed by the thick brane. The lifetime depends on the strength of the coupling to the particle going out of the brane and the density of its KK modes (which depends on the volume of the space outside the thick brane). If the KK states produced at the colliders decay promptly inside the detector, the signatures will involve missing energy and will be similar to supersymmetry. We assume that the KK number violating interactions are not large enough to induce a significant single-KK-state production cross section.
For the KK quark and gluon searches, the signature is multi-jets plus missing energy, similar to the squarks and gluinos. At the Tevatron Run I, the lower limits of the squark and gluino mass for the equal mass case are 225 GeV at CDF [16, 17] and 260 GeV at D0 [18, 17] . The production cross-sections of the KK quarks and gluons are similar to those of the squarks and gluinos. The distributions of the jet energies and the missing transverse energy however will depend on the masses of the KK gravitons, i.e., the size of the space outside the thick brane. We expect that the reaches in KK quarks and gluons are comparable to those for squarks and gluinos in supersymmetric models. Run II of the Tevatron is expected to probe squark and gluino masses up to 350-400 GeV [17] , so it could also probe KK quarks and gluons beyond the current indirect limit in this scenario. To distinguish the KK states from supersymmetry, however, would require more detailed studies.
Another possibility for KK number violation is that there exist some localized in-teractions of the standard model fields at a 3+1 dimensional subspace (3-brane) on the boundary or parallel to the boundary. In the effective d-dimensional theory, these would take the form of higher dimensional operators suppressed by powers of the cutoff M s . Some examples are
where Ψ, F αβ are five-dimensional standard model fermion and gauge fields, and Γ A is some combination of the γ matrices. The first contributes to the kinetic terms of the KK states, so the KK mass spectrum would be modified after re-diagonalizing and rescaling the kinetic terms into the canonical form [19] . The corrections (4.1) are suppressed by M s and we assume that the coefficients (λ, λ ′ , λ ′′ , ...) are small enough so that these operators do not affect our analysis of electroweak observables. However, they could be sufficiently large to allow decays within the detector of the pair-produced KK modes. The decay channels depend on which KK number violating interactions are present. We discuss the simplest two-body decays which can be induced by, e.g., the first two interactions in eq. (4.1).
If the interactions involving the gluon field dominate, the KK quarks and gluons decay into jets. The signals would be multi-jets which are difficult to extract from the QCD backgrounds at the Tevatron. However, if the interactions involving the electroweak gauge bosons are large enough so that the decay of the KK quarks into electroweak gauge bosons and quark zero-modes has a significant branching ratio, we can invoke the searches for the heavy quarks. For the decay into the W bosons, the signal is similar to the top quark. One can use the measurements of the top quark production cross section at the Tevatron [20, 21] to put limits on the new heavy quarks. In Ref. [22] , Popovic and Simmons derived the bounds σ q H (B W ) 2 < 7.8 pb (12.0 pb) at D0 (CDF), where σ q H is the cross-section for the heavy quark production, and B W is the branching ratio for the heavy quark decaying to the W boson and an ordinary quark. Applying this result, we have 1/R ∼ > 200 GeV for B W ∼ 50%. There is also a search for the fourth generation b ′ quark through the decay mode ZZbb at CDF, which excluded the b ′ quark mass between 100
and 199 GeV if the branching ratio is 100% [23] . This can also apply to the KK states of the b quark. In Run II at the Tevatron, the decays of quark KK modes into a quark zero-mode and a photon may be also significant. Other processes, potentially relevant for Run II, include the electroweak production of a pair of lepton KK modes with each of them subsequently decaying into a lepton zero-mode and a photon or a W ± , and the production of a pair of KK modes of the electroweak gauge bosons leading to a four-lepton signal. In general, the direct bounds on 1/R are weaker and model dependent in this case.
With more extra dimensions the production cross section is higher because of the multiplicity of KK modes. For example, with two extra dimensions there are twice as many KK modes of mass 1/R than in the case of one extra dimension. However, the indirect bounds may also be significantly higher. It is not clear whether they are within the reach of Run II. The sensitivity of the LHC, though, should be impressive, above a few TeV.
Summary
We have examined the experimental consequences of higher dimensional theories in which all the standard model fields propagate in the extra dimensions. With these "universal" extra dimensions, contributions to precision electroweak observables arise first at the oneloop level. In the case of a single extra dimension, where the one-loop computations can be done reliably within the framework of the effective 5-dimensional standard model, the electroweak observables were estimated to allow a compactification scale as low as 300 GeV. We then noted that the current lower bound from direct production experiments is set by CDF and D0 to be in the few-hundred GeV range. Thus Run II at the Tevatron will either see evidence for the extra dimensions or significantly raise the lower bound on the compactification scale.
In the case of two universal extra dimensions, the electroweak observables become logarithmically sensitive, at one loop, to the cutoff on the effective 6-dimensional theory. If the cutoff is taken to be as large as possible, where this effective theory becomes strongly coupled, then the theory cannot be used to compute reliably the electroweak observables. If, on the other hand, the cutoff is lower, with no important contributions to the electroweak observables from higher scales, then the observables may be estimated reliably at the one-loop level. As indicated in Fig. 1 , with M s R ≤ 5, the lower bound on the compactification scale is estimated to be between 400 GeV and 800 GeV.
Besides opening the possibility of experimental detection of universal extra dimensions in the near future, the lower bound on the compactification scale discussed here suggests that physics in extra dimensions may be responsible for electroweak symmetry breaking.
For example, standard model gauge interactions may produce a bound-state Higgs doublet in six dimensions [4] without excessive fine-tuning.
